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Abstract. We study the variety of actions of a fixed (Chevalley) group on 
arbitrary geodesic, Gromov hyperbolic spaces. In high rank we obtain a com- 
plete classification. In rank one, we obtain some partial results and give a 
conjectural picture. 
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1. Introduction 

Given a group G one may ask the question: 

Question 1.1. In what ways can G act non-trivially on a Gromov hyperbolic metric 
space ? 

Many interesting groups can be fruitfully studied via some natural action on a 
Gromov hyperbolic space. Examples include the action of an amalgam or HNN 
extension on its Bass-Scrrc tree, the action of a Kleinian group on H™, and the 
action of the mapping class group of a surface on the curve complex of that same 
surface. Alternatively, one can study the space of actions of a fixed group on some 
(fixed or varying) Gromov hyperbolic metric space. For example, the PSL(2,C)— 
character variety of a group parameterizes the space of actions of a fixed group 
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on the hyperbolic space H 3 . Analysis of the structure of this variety has led to 
many remarkable theorems about 3-manifolds and their fundamental groups (for 
an introduction, see [IS]). A larger "variety" (in scare quotes because there is 
unlikely to be any algebraic structure) would describe all non-trivial actions on 
Gromov hyperbolic spaces, up to some appropriate equivalence relation. We give 
suggestions for how to define this equivalence relation and topologize the variety 
in Section [3] Briefly, the equivalence relation is that generated by coarsely equi- 
variant quasi-isometric embeddings. This equivalence is coarser than that given by 
quasi-conjugacy (as in for instance [23]). but finer than that given by equivariant 
homeomorphism of limit sets. In this paper we concentrate on cases in which the 
set of equivalence classes is particularly simple. 

Certain equivalence classes of actions on hyperbolic spaces cannot be ruled out, 
or even really analyzed using the tools of negative curvature. These are the actions 
with an invariant horoball (see Section [3. II for the definition, and Theorem 14.111 for 
some characterizations). Actions with an invariant horoball (in the sense used in 
this paper) are always elementary; they include the trivial action on a point and 
actions which preserve some horofunction. A cobounded action on an unbounded 
space never has an invariant horoball. 

The variety of actions of an irreducible higher rank lattice is expected to be very 
simple. 

Conjecture 1.2. If Y is an irreducible lattice in a higher rank Lie group (or in 
a nontrivial product of locally compact groups) G, there there are finitely many 
Gromov hyperbolic G -spaces (up to coarse equivalence) without invariant horoballs. 

In the case where G is a simple Lie group of rank at least 2, the only expected 
actions are those with an invariant horoball. If G has more than one direct factor, 
then Y projects densely to each factor. If the factors have rank one, then there will 
clearly be non-elementary isometric actions of Y on rank one symmetric spaces. We 
discuss this case in Section O 

For actions by lattices in nontrivial products of simple Lie groups, the conjecture 
follows from rigidity results of Monod and Monod-Shalom [20l [21] if one restricts 
attention to Gromov hyperbolic spaces which are also either CAT(O) spaces, proper 
and cocompact spaces, or bounded valence graphs. (Cf. [H] for CAT(O) spaces.) 
For an example of an action of a lattice on a Gromov hyperbolic space which 
is inequivalent to any action on a Gromov hyperbolic CAT(O) space, consider a 
lattice as in the Appendix to [18], which has Property (T), but admits a non-trivial 
pseudocharacter (or homogeneous quasi-morphism) . This pseudocharacter gives 
rise to a cobounded action on a space quasi-isometric to R, fixing both ends. On 
the other hand, an action on a CAT(O) space preserving a point at infinity would 
give (via the Buscmann function) a homomorphism to R, and a cobounded such 
action would give an unbounded homomorphism to R. Such a homomorphism is 
ruled out by Property (T). 

Theorem 1.3. Suppose that G is a simple Chevalley-Demazure group scheme of 
rank at least 2, and let O be the ring of integers of any number field. Then any 
isometric action of G(0) on a Gromov hyperbolic geodesic metric space has an 
invariant horoball. 

Some remarks: 



ACTIONS OF CERTAIN ARITHMETIC GROUPS ON GROMOV HYPERBOLIC SPACES 3 

(1) Some closely related results are proved by Karlsson and Noskov [15] Sections 
8.2 and 8.3]; part of our strategy is similar to theirs, and to that of Fukunaga 
in [TO]. 

(2) The rank > 2 assumption is necessary, as the action of SL(2, O) on H 3 
obtained from the inclusion SL(2, O) — ► <SX(2,C) never has an invariant 
horoball. 

The rank one case is discussed in Section [6] where we apply a result of Carter, 
Keller and Paige to show a weaker theorem for these groups. 

Theorem 1.4. Let O be the ring of integers of a number field, and suppose that O 
has infinitely many units. Suppose X is quasi-isometric to a tree. Every action of 
SL(2, O) on X has a bounded orbit. 

1.1. Relative hyperbolicity and bounded generation. If G is a finitely gen- 
erated group, S is a generating set for G, and V = {Pi, . . . , P„} is a collection 
of subgroups of G, then one can form the coned space C(G,V, S) as follows: Let 
T(G, S) be the Cayley graph of G with respect to S. The coned space G(G, P, S) 
is obtained from T(G, S) by coning each left coset of an element of P to a point. 
(Here the 0-skeleton of T(G, S) is implicitly identified with G.) 

Recall that a graph is fine if every edge is contained in only finitely many circuits 
(i.e. embedded cycles) of any bounded length. 

Definition 1.5. If G is a group with finite generating set S, and a collection of 
subgroups P = {Pi, . . . , P n }, then G is weakly hyperbolic relative to P if G(G, P, S) 
is (5-hyperbolic for some S. 

If, moreover, G(G, P ', S) is fine, then G is (strongly) hyperbolic relative to P. 

A special case of weak relative hyperbolicity is bounded generation. The follow- 
ing definition is easily seen to be equivalent to the standard one: 

Definition 1.6. A group G is boundedly generated by a collection of subgroups 
P = {Pi, . . . , P„} if the Cayley graph of G with respect to UP has finite diameter. 

If each Pi is cyclic, generated by gi, we say that G is boundedly generated by 
{gi,...,g n }- 

A cobounded action on an unbounded Gromov hyperbolic space does not have 
an invariant horoball. It is thus a corollary of Theorem II .31 that these higher rank 
G{0) are not strongly relatively hyperbolic with respect to any system of proper 
subgroups. 

Corollary 1.7. If L = G{0) is as in Theorem \1.3[ and L is weakly hyperbolic 
relative to a system of subgroups V , then the coned space C{L,V,S) has finite 
diameter for any finite generating set S. 

In particular, L is not strongly hyperbolic relative to any system of proper sub- 
groups. 

By possibly altering P to add some cyclic subgroups, the first part of the corollary 
can be restated: If L is weakly hyperbolic relative to a system of subgroups P which 
generate L, then L is boundedly generated by P. 

Remark 1.8. Corollary 1 1 . 71 also can be easily deduced from [15] in some special 
cases, including L = SL{n,1) for n > 2. The second part of Corollary 11.71 (about 
strong relative hyperbolicity) can be deduced from known theorems in a number of 
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ways, perhaps most straightforwardly by combining a theorem of Fujiwara [9] with 
one of Burger and Monod [4] . 

1.2. Outline. In Section [2] we recall some definitions and basic results, first from 
the theory of Gromov hyperbolic spaces, and second from Chevalley groups over 
number rings. In Section [3] an equivalence relation amongst hyperbolic G-spaces is 
proposed, and generalized combinatorial horoballs are introduced. In Section [4] we 
improve on the statement and proof of Proposition 3.9 of |18j , and use the improved 
version to characterize hyperbolic G-spaces with invariant horoballs. In Section [5] 
we prove Theorem 11.31 and in Section [5] we prove Theorem 11.41 

1.3. Acknowledgments. The author thanks Benson Farb and Hee Oh for useful 
conversations, and Nicolas Monod for helpful comments on an earlier version of 
this paper. This work was partly supported by an NSF Postdoctoral Research 
Fellowship (DMS-0301954). 

2. Preliminaries 

2.1. Coarse geometry. 

Definition 2.1. If X and Y are metric spaces, K > 1 and G > 0, a (K, C)- 

quasi-isometric embedding of X into Y is a function q: X — > Y so that For all x\, 
x 2 e X 

—d(x 1 ,x 2 ) - C < d(q(x 1 ),q(x 2 )) < Kd(x 1 ,x 2 ) + C 

If in addition the map q is C -coarsely onto - i.e., every y G Y is distance at 
most G from some point in q{X) - then q is called a {K,C)-quasi-isometry. The 
two metric spaces X and Y are then said to be quasi-isometric to one another. 
This is a symmetric condition. 

Definition 2.2. A (K,C) -quasi-geodesic in X is a (K , G)-quasi-isometric embed- 
ding 7: R — > X. We will occasionally abuse notation by referring to the image of 
7 as a quasi-geodesic. 

2.2. Gromov hyperbolic spaces. For more details on Gromov hyperbolic metric 
spaces, see [3] and |12j . A number of equivalent definitions of Gromov hypcrbolicity 
are known. For geodesic spaces, we will use the one based on the existence of 
comparison tripods. Given a geodesic triangle A(x,y,z) in any metric space, there 
is a unique comparison tripod, Ta, a metric tree so that the distances between the 
three extremal points of the tree, x, y and ~z , are the same as the distances between 
x, y and z. There is an obvious map 7r: A{x, y, z) — > Ta which takes x to x, y to 
y and z to ~z, and which is an isomctry on each side of A(x, y, z). 

Definition 2.3. A geodesic space X is S-hyperbolic if for any geodesic triangle 
A(x, y, z) and any point p in the comparison tripod Ta, the diameter of 7r _1 (p) is 
loss than 5. If i5 is unimportant we may simply say that X is Gromov hyperbolic. 

Gromov hyperbolicity (of geodesic spaces) is a quasi- isometry invariant. 
The following proposition about stability of quasi-geodesics in Gromov hyper- 
bolic spaces is well-known (see, e.g. [3j III. H. 1.7]). 

Proposition 2.4. Let K > 1, G > 0, S > 0. Then there is some B = B(K, C, 5), 
so that whenever 7 and 7' are two (K,C) -quasi- geodesies with the same endpoints 
in a 5 -hyperbolic geodesic metric space X , then the Hausdorff distance between 7 
and 7' is at most B. 
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We will occasionally need to deal with spaces which are not geodesic. If X is 
(5-hyperbolic in the sense of Definition ^. 3[ then it satisfies the four point condition: 
For allpi, p 2 , ps, Pi £ X, 

(1) d(pi,pi) + d(p 2 ,p 3 ) < max{d(px,p 2 ) + d(p 3 ,p 4 ), d(pi,p 3 ) + d(p 2 ,Pi) + 26}. 

Conversely, if a geodesic space satisfies (Ql, then it is 6<5-hyperbolic in the sense of 
Definition ^. 31 (For both these facts, and the below definition, see [3j III. H. 1.22] or 

m) 

Definition 2.5. A (not necessarily geodesic) metric space X is (6) -hyperbolic if 
it satisfies the condition ((T|) above. If 6 is unimportant, wc simply say that X is 
Gromov hyperbolic. 

In order to describe the boundary of a Gromov hyperbolic space, we introduce 
the Gromov product notation. 

Definition 2.6. If x, y and z are points in a metric space with a metric d(-, •), then 

(x-y) z := -(d(x,z) + d(y,z)-d(x,y)). 

We should remark that in the context of Definition 12.31 (x ■ y) z is the distance 
from ~z to the central vertex of the comparison tripod for a geodesic triangle with 
vertices x, y and z. 

Definition 2.7. Let p £ X where X is a Gromov hyperbolic space. A sequence of 

points {xi} in a Gromov hyperbolic space tends to infinity if liirijj_ KX) (xi 

Two such sequences are equivalent, written {x{\ ~ {yi}, if lmiij—joo (%i ' Vj)p = °°- 

The boundary dX is the set of equivalence classes of sequences which tend to 

infinity. 

The Gromov product extends (by taking a lim sup) to sequences which tend 
to infinity, and this allows convergence in dX to be defined, giving dX a natural 
topology. 

2.3. Isometries of Gromov hyperbolic spaces. Isometries of geodesic hyper- 
bolic spaces can be classified into three types. 

Definition 2.8. Let /: X — > X be an isometry. If x £ X, we let O x = {f n {x) \ 
n £ Z}. We say that / is elliptic if O x is bounded. We say that / is hyperbolic if 
n i ► f n (x) is a quasi-isometric embedding of Z into X. We say that / is parabolic 
if O x has a unique limit point in dG. 

The following was observed by Gromov [T2J 8.1.B]. Although it is often stated 
with an extra hypothesis of properness, this hypothesis is unnecessary (See, for 
example the proof in [8l Chapitre 9] , where the extra hypothesis is given, but not 
used). 

Proposition 2.9. Every isometry of a geodesic Gromov hyperbolic space is elliptic, 
parabolic, or hyperbolic. 

Lemma 2.10. Suppose that G acts on the geodesic Gromov hyperbolic space X, 
and that p G G acts parabolically, fixing e G dX . If g G G commutes with p, then 
g also fixes e. 
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Proof. Let e' = g(e). We have e' = gp(e) = pg{e) = p{e'), so p fixes e'. Since p is 
parabolic, it fixes a unique point in dX, and so e' = e. □ 

Definition 2.11. Let G be a finitely generated group, and let g G G. If n i— > is 

a quasi-isometric embedding, we say that 5 is undistorted. Otherwise, g is distorted. 

The proof of the following observation is left to the reader. 

Lemma 2.12. Let the finitely generated group G act by isometries on a Gromov 
hyperbolic space X. If g G G acts hyperbolically on X, then g is undistorted. 

2.4. Chevalley groups. In this section we recall the definition of a Chevalley 
group over a commutative ring. (All rings are assumed to have 1^0.) The simplest 
example of a Chevalley group is SL(n,Z). If one thinks of SL(n,Z) as being the 
"Z-points of SL(n, C)," then the Chevalley-Demazure group scheme identifies what 
the "i?-points of G" are, where R is now allowed to be an arbitrary ring, and G an 
arbitrary complex scmisimple Lie group. It turns out that this idea is not entirely 
well-formed, until one fixes an embedding of G into GL(n,C) for some n. The 
following exposition is largely adapted from [T] and [2"5] . 

Let p: G — > GL(V) be a representation of a connected complex semisimple Lie 
group into the general linear group of a complex vector space V of dimension n. 
We will assume that dp: g — > gl(V) is faithful (Here g is the Lie algebra of G, 
jj[(V) the Lie algebra of endomorphisms of V. Let (] be a Cartan subalgebra of 
and let <f> be the (reduced) root system relative to I). Let A be a choice of 
simple roots. Then there is a Chevalley basis for q (see [27j or [7]) of the form 
B = {X a I a G $} U {H a I a G A}, so that the H a generate f) (and thus commute) 
and the structure constants are all integral. In other words, the Z-span of B is 
actually a Lie algebra over Z. In particular, if {(3 — r^ a «, . . . (3, . . . (3 + qp ta a\ are 
all the roots on the line {{3 + ta \ t G Z}, then: 

(1) [X a , X- a ] = H a . 

(2) [H a , Xp] = A(a, f3)Xp , where A(a, f3) is an integer determined by a and f3. 

(3) [X a , Xp] = if a + (3 is not in <f>; otherwise [X a , Xp] = ±(773^ + l)X a+ p. 

Notice that the X a are all ad-nilpotent, and that the H a are ad-scmisimplc. 

It can be shown (see, e.g. jT4j §27]) that V contains an "admissible lattice" Vz: 
This is a free Z-module in V which is invariant under (dp(X a )) m /m! for any a 
and any m. Let {v\, . . . , v n } be a basis for Vi. In terms of this basis, p{g) can be 
written as an n by n matrix with complex entries for any g. Let Xij : G — > C be 
the function which simply reads off the zjth entry of this matrix. The generate 
an affine complex algebra C(G). Let Z(G) denote the Z-algebra with the same 
generators. 

We can endow Z(G) with a Hopf algebra structure by defining a comultiplication 
p* by p*(xij) ~ J2k Xik ® Xk 3- a coun it e by e(xij) = Sij, and an antipode s by 
s (/)(s) = /(s -1 )- (That s maps Z(G) into itself uses the fact that det(p(g)) = 
±1 for every g G G - this follows from semisimplicity.) Since Z(G) is a Hopf 
algebra over Z, it defines a functor from rings to groups as follows: For any ring 
R, let G(R) = Hom z (Z(G),i?). (Note that the elements of G(R) are Z-algebra 
homomorphisms, so they send 1 to 1.) We define a group operation • on G(R) by 
p»a = (p®er) op*. (In other words, p»a(xij) = J2k p{ x ik)o~(xk 3 )■) 

Some observations: 
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(1) G(C) can be naturally identified with the image of p: G — > GL(V) - if p 
is assumed to be faithful, then clearly G(C) = G doesn't depend on p. On 
the other hand, for R arbitrary, G(R) docs depend on p. 

(2) The assignment R i— » G(R) is a covariant functor from commutative rings to 
groups. This functor is often called a "Chcvallcy-Dcmazure group scheme." 

(3) Any Hopf algebra gives such a functor. An important example is Z[t], with 
a Hopf (Z-) algebra structure so that: 

(a) The comultiplication satisfies fi*(t) = t®l + l(g>£. 

(b) The counit satisfies e(t) = 0. 

(c) The antipode satisfies S(t) = —t 

In this case the functor R i— » Hom(Z[i], R) is the "forgetful" functor, which 
takes a ring to its underlying Abelian group. 

(4) Since G(R) is Homz{L{G), R), any morphism of Hopf algebras Z(G) — > A 
where A is some other Hopf algebra, will give rise to a homomorphism of 
groups Homz(A,R) -> G(i?). 

Definition 2.13. Let a be a root. Then since dp(X a ) is nilpotent, the formal sum 
exp(tX a ) = X)m=i ^ m rfp ^mT' 1 — ^ s a ma t rrx with entries which are polynomials in t. 
Because ^^f^ preserves Vz, each Xij( dp ^'^ ) is an integer. Thus we get a map 

ev Q : Z(G) -> Z[i], 

which sends i y - to the (integral) polynomial in t which appears in the ij'th place 
of the matrix exp(tA" Q ). The map ev Q is a morphism of Hopf algebras, where Z[t] 
is given a Hopf algebra structure as in observation (|3|) above. This morphism gives 
rise via observation ^ to a homomorphism of the additive group underlying R into 
the group G(R) 

x a : R — > G(R). 

The image of this map is the root subgroup of G(i?) corresponding to a. 

Definition 2.14. The subgroup of G(R) generated by the root subgroups is de- 
noted E(R). 

In this paper, we focus mainly on the special case that R is the ring of integers 
of a number field k and $ has rank at least two. In this case, G(R) = E(R) by a 
result of Matsumoto [H] . By a result of Carter and Keller [S] in case $ = A n , and 
Tavgen' [55] in general, G(R) is boundedly generated by the root subgroups. 

It should also be noted that in this special case, G(R) is actually an irreducible 
lattice in a semisimple Lie group. Indeed, if s and t are the number of real and 
complex places of k, respectively, then G(R) is a lattice in the Lie group 

G(R) S x G(C)*. 
3. Equivalence of actions 

We wish to study the variety of actions of a group G on Gromov hyperbolic 
spaces, up to some kind of coarse equivalence. By a (Gromov) hyperbolic G-space, 
we will always mean a Gromov hyperbolic geodesic metric space, equipped with an 
isometric G-action. 

Definition 3.1. Let X and Y be Gromov hyperbolic G-spaccs. We say that X 
and Y arc equivalent if they lie in the same equivalence class, under the equivalence 
relation generated by coarsely equivariant quasi-isometric cmbeddings. 
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The following proposition should serve to clarify this equivalence relation. 

Proposition 3.2. If Xi and X2 are equivalent Gromov hyperbolic G-spaces, then 
there is a third Gromov hyperbolic G-space V which coarsely equivariantly quasi- 
isometrically embeds in both X\ and X2 ■ 

Proof. The key claim is the following: 

Claim 3.3. IfV and W are hyperbolic G-spaces which coarsely equivariantly quasi- 
isometrically embed in a third hyperbolic G-space X , then there is a fourth hyper- 
bolic G-space A which coarsely equivariantly quasi-isometrically embeds into V and 
W. 

Before proving the claim, let us see how it implies the proposition. If X\ and X2 
are equivalent hyperbolic G-spaces, they must be joined by a sequence of coarsely 
equivariant quasi-isometric embeddings: 
(2) 



Vi ■■■ v n v n+1 




By applying the claim with V = V n , W = V n +i, and X = Z n , we obtain a 
hyperbolic G-space A which coarsely equivariantly quasi-isometrically embeds into 
both V n and and hence into both Z n -\ and X 2 . We can thus shorten the 

sequence @, unless it is a shortest possible such sequence, 




X\ x 2 , 

in which case the proposition is verified. 

Proof, (of Claim l3~3|) We first construct a G-space A\ which coarsely equivariantly 
quasi-isometrically embeds in both V and W and is Gromov hyperbolic but not 
geodesic. We then show that A\ is quasi-isometric to a geodesic G-space A. 

Choose 8 > so that all of V, W, and X are <5-hyperbolic spaces. By hypothesis, 
we may choose K > 1 and G > so that there are maps <j>\ V — > X and ip: W — > Y 
which are G-coarsely equivariant (K, G)-quasi-isometric embeddings. We choose 
constants Jo < J\ < Ji'- Let J = 2B{K, G, 8) +28, where B{K, C, 8) is the constant 
of quasi-geodesic stability from Proposition ^. 4[ let J\ = J + 2G, and let J2 = 4Ji. 

Let Aq be the subset of V x W given by Aq = {(v, w) | d(<fi(v),ifj(w)) < Jo}, and 
let A\ be the smallest G-equivariant subset of V x W containing Aq. We endow 
A\ with the (pscudo)mctric 

d((vi,Wi), (v2,w 2 )) = d(4>(v\),(j)(v2)) + d(tp(v 2 ), ipiwz)). 

Subclaim 3.4. A\ is Gromov hyperbolic. 

Proof. Since A\ is not a geodesic space, we must work with the four-point definition 
12.51 We will show that A\ is (28 + 4Ji)-hyperbolic in the sense of Definition 12.51 
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Let {pi = (i>i,Wi) | i = 1, ... ,4} be four points in A\. For each i, we write ^ for 
4>{vi) and Wj for ip(wi). By reordering the points if necessary, we can assume that 

d(v!,v 3 ) + d(v 2 ,v 4 ) > div^yz) + d(v 3 ,v 4 ), 

as in Figure [TJ There are then two cases. 




Figure 1. Points in X. 



In case 

d(w_i,w.3) + d(w_ 2 ,w_ i ) > d(w l7 w 2 ) + d(w 3 ,w 4 ), 
thcnm.a,x{d(pi,p 3 )+d(p2 1 P4:) 1 d(pi,p2)+d(p 3 ,p4)} = d{p 1 ,p 2 )+d(p 2 ,p 4 ). Applying 
i5-hypcrbolicity in X, we obtain 

d(pi,Pi) + d(p 3 ,p 2 ) = d(v 1 ,ii i ) + d(v 2 ,v 3 )+d(w 1 ,w i ) + d(w 2 ,w 3 ) 

< ^feil^) + <^(iZ2'iU) + 2(5 + d(w 1 ,w 3 ) + rf(w 2 ilik) + 2(5 
= d(pi,p 3 ) + d(p2,P4) + 45 

= max{d(pi,p 3 ) + d{p 2l pi) 1 d{pi,p 2 ) + d{p 3n p i )} + 2(25) 

< max{d(pi,p 3 ) + d(p 2 ,p4),d(p!,p 2 ) + d(p 3 ,p 4 )} 
+2(2(5 + 4J X ) 

as required. 

If on the other hand 

d{w.\,w 3 ) + d(w 2 ,w A ) < d(w 1 ,w 2 ) + d(w 3 , 
then it is still true (since d(wi,Vi) < Ji)) that 

d(wi,w 3 ) + d {m.2,m) > diUnHs) + d (H2^) - 4J i 

> div^Vz) + rf(w 3 ,W4) - 4Ji 

> d(w.i,w 2 ) + d(w3 ; 2£4) — 8J1. 

We therefore obtain 
d{pi,Pi) + d{p 3l p 2 ) = div^iu) + d(v 2 ,v 3 ) +d(w 1> w 4 ) +d(w 2 ,w 3 ) 

< d(v l7 v 3 ) + rf(w 2 i^) + 2(5 + d(w 11 w 2 ) + d(w 3 ,w 4 ) + 26 

< d(p 1 ,p 3 )+d( P 2,P4)+2(26 + 4Ji) 

< ma,x{d(pi,p 3 ) + d(p 2 ,p 4 ),d(pi,p 2 ) + d(p 3 ,p4,)} 
+2(25 + 4Ji), 

which finishes the proof of the Subclaim. □ 
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Though the space A\ is hyperbolic, and G quasi-acts on A\ via the diagonal 
action on V x W, the space A\ is not geodesic, and G does not act by isometries. 
Both of these issues can be fixed at once, by replacing A\ by an appropriate graph. 
Specifically, we let A be the graph with vertex set V(A) = A±, and with an edge 
between every pair of vertices p and q so that there exists some g with d(gp, gq) < 
J2 := 4Ji. Clearly this graph is a geodesic G-space. 

Let 1 : Ai — > A be the map which takes a point to the corresponding vertex. We 
claim that 1 is a quasi-isometry, and so A is a Gromov hyperbolic space. 

Let a = (v a , w a ) and b = (vi,, Wb) be points in A\ so that d(i(a), i(o)) = f . There 
is some g with 

^(50, gb) = d((j)(gv a ),(j>(gv b )) + d{ip(gv a ), ip(gv b )) < J 2 . 

Since <f> and ip are both C-coarsely equivariant, d(<p(gv a ), 4>(gv b )) differs by at most 
2C from d(<j)(v a ), <p(vb))\ similarly, d(ip(g w a),i){g w b)) differs from d(ip(w a ),ip(wb)) 
by at most 2C. It follows that d(ga,gb) differs by at most AC from d(a, b), and so 
d{a, b) < J 2 + 4C < § J2. As this is true for every pair of points connected by an 
edge, we deduce 

(3) d(i(p),L(q))>^j-d(p,q) 

for any pair of points p, q <E Ai. 

We now obtain the complementary bound to . Suppose p = (vi,Wi) and 
q = (i>2, W2) are any two points in A\. We write v\ for <$>(v\) and so on as before. 
We will show that 

(4) d(L(p),L(q))<^-d{p,q) + 2 

by constructing a path joining i(p) to t(g) in A. The vertices of this path will be 
points in Aq C V x W so that the first coordinate lies on a geodesic between v\ 
and f2, while the second lies on a geodesic between wi and 102- 

If d(p,q) < 2J2 = 8J1, then ((4| is automatically satisfied. We may therefore 
assume that d(p,q) > 2J 2 . Because d(v 1 ,w 1 ) and d{w 1 ,w 2 ) are at most Jo, we 
have u]ia{d(v 1 _, v 2 ), d^^w^)} > J2 — Jo > 3Jo- It follows that (v 2 ■ w 2 )v > 
(MLi ' as in Figure [2] In fact, (v 2 ■ — (jMLi ' ^2)21 > ^0 > Ji/2 (since 

clearly i?(i4T, C, 6) > C). We may thus choose real numbers 

■ m.2)v x = h < ti < ■ ■ ■ < t k = (v 2 ■ uza)^ 

satisfying ^ < — | < J\ for each i. Note that fc < -j^d(p, q) for such a choice. 

Let 7 be a unit speed geodesic from w 1 to w 2 . For each i between and fc, 
there are points x\ on a geodesic between v_ x and and on a geodesic between 
w_i and w 2 which are distance at most 5 from j(ti). Since V and VF are geodesic 
spaces, there are geodesies [vi, V2] in V and [101,102] m W. The maps <j> and ^ send 
these geodesies to (K, C)-quasi-geodesics in X. Applying quasi-geodesic stability 
(Proposition 12. 4p , there are points Xi € [1)1,1)2], yi <E [101,1/72] so that 4>(xi) and 
tp(Ui) lie within B + S of 7(tj). Since d((j)(xi),'ij)(yi)) < 2B + 28 = J , the point 
Pi = (xi,yi) lies in Aq C Ai. Moreover, d(pi,Pi+i) < 2(2(B + 5) + Ji) < J 2 , and so 
d(i(pi),i(p i+1 )) < 1. 

Finally, one notes that 

^(a?o)) + fe, V(yo)) < Jo + 2(5 + 25 = 2 J < J 2 
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Hi mi mi mi 




V 2 W 2 v 2 w, 2 



Figure 2. A pair of pairs of points in X, together with comparison 
tripods. The dashed line on the left is the image of a geodesic in 
V; the one on the right is the image of a geodesic in W. 



and likewise for d(v 1 , (f>(xo)) + d(w 1 , ip(yo)), from which it follows that d{u(p), o(po)) 
and d(i(q) , i(j>k)) are at most one. Thus 

d{i(p),L(q)) <k + 2<^d{p,q) + 2. 

It is obvious that i is 1-almost onto, and so i is a quasi-isomctry. 

It follows that A is a Gromov hyperbolic geodesic G-space which coarsely equiv- 
ariantly, quasi-isomctrically embeds into V and W. 

□ 

□ 

Remark 3.5. We record some observations about this equivalence: 

(1) Let r be a group acting isometrically on H 2 . This action extends in an 
obvious way to either H 3 or CH 2 . Although there is no quasi- isometric 
embedding either from H 3 to CH 2 or vice versa, these actions are equivalent 
under the equivalence relation. 

(2) A Gromov hyperbolic G-space has a bounded orbit if and only if it is 
equivalent to the trivial G-space consisting of a single point. 

(3) If X and Y are equivalent Gromov hyperbolic G-spaces, x <E X and y G Y, 
then the limit sets A(X) = {e£ dX n Gx} and A(Y) = {e E dY n Gy} arc 
equivariantly homcomorphic. 

(4) The equivalence is perfectly well-defined in the more general setting of 
quasi-actions on geodesic Gromov hyperbolic spaces. Call a geodesic Gro- 
mov hyperbolic space with a G-quasi-action a hyperbolic quasi-G -space. 
Every hyperbolic quasi-G-space is equivalent to some hyperbolic G-space. 

Given a group acting on a hyperbolic G-space X and some bascpoint xq 6 X, 
one obtains a metric on G given by the formula 

d(g,h) = d(x ,g~ 1 hx ). 

This metric is obviously determined by its values on {1} x G. The compact-open 
topology on real- valued functions on G thus induces a topology on the set of pointed 
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hyperbolic G-spaces. The quotient topology on the space of equivalence classes of 
Gromov hyperbolic G-spaces is not Hausdorff. For example, if G is a surface group, 
then all of Teichmuller space is identified to a single point, whose closure contains 
many incquivalcnt actions of G on R-trees. 

3.1. Combinatorial horoballs. Combinatorial horoballs of the simplest possible 
type were defined in [13j . and used as building blocks for complexes naturally 
associated to relatively hyperbolic groups. The point there as here is that these 
spaces can be used to "hide" an action on a non-hyperbolic space in an action on 
a hyperbolic space. There is some flexibility as to how this can happen which is 
deliberately ignored in [13j ; here we give a more general construction. 

Definition 3.6. Let X be a graph, acted on by G, and suppose that 



is a collection of functions. We will say that B* is admissible if it satisfies the 
following four axioms: 

(1) Connectedness: If v G X^, then B x (v) = {w G X^ | d x (v,w) < 1}. 

(2) Exponential growth: Let v, w G and n G N. If v G B n (w), then 
B n (v) C B n+1 {w). 

(3) Symmetry: Let v, w G X (0) and n G N. If v G B n (w), then w G B„(v). 

(4) G-equi variance: If w G X^°\ n G N, and g G G, then gB n (w) = B n {gw). 

Definition 3.7. Let -B* be a sequence of functions {B, : -> 2 X }* 6N . The 

combinatorial horoball based on X and i?*, or Ti.(X, -B*), is the graph defined as 
follows: 

(1) H(X,BJ<-°) =JfC°) x N. 

(2) If n G N and v G X^°\ then (v,n) is connected to (v,n + 1) by an edge 
(called a vertical edge). 

(3) If n G N and v G B n (w), then (w,n) is connected to (w,n) by an edge 
(called a horizontal edge). 

We leave the following Lemma as an exercise. 

Lemma 3.8. Let G act on the graph X. If B* is admissible, then TL{X,B*) is 
Gromov hyperbolic, and the action of G on X induces an action of G on TL{X, £?*). 

Because of the flexibility of this construction, a group typically admits many 
inequivalent actions on horoballs. 

Definition 3.9. A Gromov hyperbolic G-space has an invariant horoball if it is 
equivalent to a G-space of the form TL(X, £?*), for some graph X with a G-action, 
and some family B* which is admissible. 

In the next section we give some other characterizations of G-spaces with in- 



In this section we show how an elementary action by G on a hyperbolic space 
gives rise to a pscudocharactcr on G which "picks out" the elements which act 
hyperbolically. We then see that if no element acts hypcrbolically, then the action 
has an invariant horoball. 



{Br. X^^2 xW } 



variant horoballs (Theorem 




4. Elementary actions and pseudocharacters 
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4.1. The pseudocharacter coming from an elementary action. Recall the 
following definitions. 

Definition 4.1. An action of G on a hyperbolic space X is elementary if it is 
either equivalent to the trivial action on a point, or if the induced action on dX 
has a global fixed point 

Definition 4.2. A quasicharacter (or quasi-morphism) on a group G is a real 
valued function q on G satisfying 

(5) \q(gh) - q{g) - q{h)\ < C, for all g, heG. 

The defect of a quasicharacter is the smallest C so that ([5]) is satisfied. A pseu- 
docharacter (or homogeneous quasi-morphism) is a quasicharacter p which satisfies 
the additional condition 

p(g n ) = np(g), for all g G G, n G Z 

In this subsection we show how an elementary action on a hyperbolic space 
gives rise to a pseudocharacter which is nonzero precisely on the elements which 
act hyperbolically. We begin by studying "quasi- horofunctions" on the space X, 
corresponding to a fixed point at infinity. A quasi-horofunction restricted to an 
arbitrary orbit will give a quasicharacter, which can then be homogenized to give 
the desired pseudocharacter. 

Definition 4.3. (cf. P21 7.5.D]) Let x = {xi} be a sequence tending to infinity 
in the geodesic hyperbolic space X. The quasi-horofunction coming from x is the 
function rj x : X — > K given by 

rj x (a) = limsup(d(a, x n ) - d(x 0l x n )). 

n — >oo 

We use the following observation repeatedly: 

Observation 4.4. Let A, B, C and D be four points in the 5-hyperbolic space X. 
If (G • D)a and (G • D)b are both larger than d(A, B), then 

\(d(B, C) - d{A, C)) - {d(B, D) - d(A, D))\ < 46. 

The observation 14.41 implies in particular: 

Lemma 4.5. If a e X , and x = {x^ tends to infinity in X, then for all n 
sufficiently large, 

\n x (a) - (d(a,x n ) - d(x 0l x n ))\ < AS. 

We now can describe the dependence of rj x on the sequence x. 

Lemma 4.6. Let x = {x t } and y = {y{\ be two sequences of points in the geodesic 
8-hyperbolic space X which tend to the same point in dX. For any point a G X , 
we have 

|?7x(a) - ?7y(a) - ?7x(yo)| < 16(5. 



This definition is slightly more restrictive than the usual one, which allows for a pair of points 
in dX to be preserved. 
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Proof. Since x and y tend to the same point at infinity, we may choose N so that 
(z,z') a > 2 diam{a, xq, yo} for every z, z' in {xi \ i > N} U {j/i | i > N}. Using 
Lemma 14.51 three times, the quantity 

\Vx(a) - Vy(a) - Vx(yo)\ 

differs by at most 125 from 

(6) \(d(a,x N ) - d(a,y N )) - (d(y ,x N ) - d(y ,y N ))\. 

By Observation 14.41 the quantity ^ is at most 45. The Lemma follows. □ 

Using Lemma 14. 6[ wc deduce that an isometry of X changes rj x (a) by approxi- 
mately the same amount, independent of the a G X chosen: 

Proposition 4.7. Let X be a geodesic 6 -hyperbolic space, and suppose that x = 
{xi} tends to e £ dX . Let a be any point in X . If g G Isom(JT) fixes e, then r] x (ga) 
differs from rjx{a) + T] x (gxo) by at most 16(5. 



Proof. First note that if gx is the sequence {gXi}, then 

??x(a) = Vgx(ga). 

But by Lemma l4~6l 

\Vx{ga) - Vgx{ga) - Vx(gx )\ < 165. 

□ 



Corollary 4.8. Suppose X is a 5-hyperbolic space, and that G acts on X fixing 
e G dX. Let x = {x{\ be any sequence tending to e. The function q x : G — > K 
defined by q x (g) = r) x (gxo) is a quasicharacter of defect at most 165. 

Proof. Let g, h G G. Using Proposition 14. 71 

\q x (gh) - q x (g) - q x (h)\ = \r) x (ghx ) - rfc(gx ) - rj x (hx )\ 

< \r)x(hx ) + r) x (gx ) - Vxigxa) - rj x (hx )\ + 165 = 165. 

□ 



Proposition 4.9. Let X , e, x 7 and q x be as in the statement of Corollary \4.8[ and 

let the pseudocharacter p x : G — > R be given by 

Px{g) = hm . 

n— >oc rt 

Then p x (g) ^ if and only if g acts hyperbolically on X . 

Proof. First, we suppose that p x (g) ^ 0. Without loss of generality we assume that 
Px(ff) > 0. Since 

pAg) = 1™ > o, 

n — >oo n 

there exists some N so that 7? x (<? n #o) > \pyi{g)n for all n> N. 
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Let a and b be integers. Choosing some sufficiently large M and applying the 
triangle inequality and Lemma [431 we obtain a lower bound for d(g a xo, g b xo): 

d(g a x ,g b x ) = d(g N x ,g N+ ^x ) 

> d(g N ^ b - a \x ,x M ) - d(g N x ,x M ) 

> vA9 N+lb - al )-riA9 N )-86 

> lp~(9)(N+\b-a\)- Vx (g N )-86 

= \p*(g)\b - a| - ( Vx g N + 86- \p*{g)N). 

On the other hand, d(g a Xo, g b xo) < \b — a\d(xo, gxo), so the map n i— > g n (xo) is a 
quasi-isometric embedding, and g acts hyperbolically. 

Conversely, suppose that g acts hyperbolically. It follows that there is some e > 
so that 

d(g n x ,x ) > en 

for all n. By replacing g with g -1 , we may suppose that {g l xo} tends to a point in 
dX \ {e} as i — > oo. Thus there is some R so that 

(g n x ■ Xi) Xo < R 

for all positive n and i. Lemma 14.51 implies that for sufficiently large m, 
Vx(g n xo) > d(g n x , x m ) - d(x , x m ) - 46 

= d(g n x , x ) - 2(g n x ■ x n ) XQ - 45 
> en-(2R + 4S). 

Since q x (g n ) > en — (2R + 46) for all n > 0, we must have p(g) > e > 0. □ 

Remark 4.10. Proposition 14.91 was proved in [TSj Proposition 3.9] for the case of 
quasi-trecs. The proof here is somewhat more efficient even in this case. 

4.2. Characterization of G spaces with invariant horoballs. 

Theorem 4.11. Let X be a Gromov hyperbolic G-space. The following are equiv- 
alent: 

(1) X has an invariant horoball. 

(2) X is elementary, and no element acts hyperbolically. 

(3) X is equivalent to a hyperbolic G-space Y, so that $=(dY) < 1. 

Proof. That (TJ) implies © is trivial. 

We next assume ((3]) and show ([2jl . If ((2j> holds for Y, it holds for X, so we may 
suppose that X = Y. If #(dX) = 1 or G has a bounded orbit in X, then clearly X 
is elementary. The only case remaining is that dX is empty, but Gx is unbounded 
for some x € X. We show that this case does not occur. Chose a sequence {gt} in 
G so that limi^oo d(giX,x) = oo. Since dX is empty, Xim'vaiij^^giX, gjx) x < oo. 
It follows that there are elements g m , g n so that d(g m x, x) and d(g n x, x) are much 
larger than {g m x,h n x) x . It can then be shown (see, for example, [SI Chapitre 9, 
Lemmc 2.3]) that g m g n is hyperbolic. It follows that dX contains at least two 
points (the fixed points of g m gn), contrary to assumption. 

It remains to show that j2]) implies |T|). Let X be a hyperbolic G-spacc so that 
the action of G is elementary. If X is equivalent to a point (i.e. if Gx is bounded for 
x G X), then X is also equivalent to a ray, which is the combinatorial horoball based 
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on a point. We therefore may assume that Gx is unbounded for any id. We will 
construct a combinatorial horoball which coarsely equivariantly quasi-isometrically 
embeds in X. Let 5 > be some number so that X is (5-hypcrbolic. Let e, x, q x 
and p x be as in the statements of Corollary [L8] and Proposition 14. 91 

To build the combinatorial horoball, we first must start with a graph Y on 
which G acts. Choose a finite generating set S for G, and let Cq = diam(Sxo). 
Let V(Y) = G, and connect g to h in Y if d(gxo,hxo) < Cq. It is clear that G 
acts on Y; in fact, F is a certain Cayley graph for G. We next define the functions 
B n : V(Y) -> 2 V{ - Y \ Let Gi = 2C + 205, and let 

(7) B n {g) = {h £ G | d(hx ,gx ) < (2n+l)C 1 }. 

Claim 4.12. The sequence of functions B* in ([7]) is admissible in the sense of 
Definition 13.61 

Proof. The only axiom which is not obvious is ([2]). We must show that if a and b 
are in B n (v), then a £ i? n +i(6) (or equivalcntly b £ -B„_|_i(a)). Put another way, 
we must show that if d(axo, vxq) and d(bxo, vxq) are bounded above by (2n + l)Ci 
then d{axQ, bxo) < (2n + 3)Gi. 

Because no element of G acts hyperbolically, the pseudocharacter p x is identically 
zero. An easy argument shows that |<7 X (<7)| < 165 for all g £ G. Using Lemma l4~5| 
we can choose some large n so that 

\Vx(z) ~ (d(z,x n ) - d(x ,x„))\ < 4(5 

for z £ {axo, bxo, vxq}. It follows that 

(8) \d(z!,x m ) - d(z 2 , x rn )\ < 16S + 46 < C x 

for Z\, z<i £ {axo, bxo, vxq}. The assertion to be proved is symmetric in a and 6, so 
we may assume that (x m ■ b) v < (x rn • a) v . We deduce: 

d(a, b) < (v ■ x m ) a + [(a • x m ) v - (b ■ x m ) v ] + (v ■ x m ) b + 2d 

= d(v, a) + (d(b, x m ) - d(v, x m )) + 25 

< (2n + l)Cx + C x + 25 < (2n + 3)d.. 

The first line follows from examining the comparison tripods for the triangles 
A(a, v, x m ) and A(6, v, x m ); the last follows from ©. □ 

Since B t is admissible, the combinatorial horoball H — He, (Y) is a hyperbolic 
G-space. It remains to construct a coarsely equivariant quasi-isometric embedding 
from H to X. It suffices to define this map on the vertices of H. For each g £ G = 
V(Y) and each n £ N, choose some i(g,n) so that (xk ■ xi) gxo > 2nC\ for all k, 
I > i{g,n). Choose also some unit speed geodesic 7 S „ starting at gx^ and ending 
a t x i(g,n) ■ Any vertex of H is a pair (g, n) where n £ N and g £ G. We define a 
map 4>\ V(H) -> X by 

4>{g,n) = 7 s ,„(nGi). 

A number of choices were made in the definition of <f> (namely, the sequence x, 
the numbers i(g,n), and the geodesies 7 g . n )- However, so long as xq is unchanged, 
different choices lead to a function which differs by at most <5 from <p. In particular, 
we could replace x by x' = {x[}, where x' = Xq and x\ = hxi for some fixed h and 
for all i > 1. It follows that the distance between <j>{hg, n) and h<j){g, n) is at most 
5 for any h, g £ G and n £ N, and so the map <f> is coarsely equivariant. 
It remains to show that cf) is a quasi-isometric embedding. 
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Note that if v and w are two vertices in H connected by a vertical path, then 
C\(1h{v, w) — 8 < d(<fi(v), 4>(w)) < C\cLh{v, w) + 5, where du is the distance in H. 

We therefore assume that v = (a,n) and w = (b,m), where a =/= b. There 
is a unique k so that (2k — l)Ci < d(a,b) < (2k + 1)C\. If max{m,n} > k, 
then d(v,w) = \m — n\ + 1; otherwise d(v,w) — 2k — (m + n) + 5 ± 5. Let 
/ > max{i(a, n), i(b, m)}, and observe that the points 4>(v) and 4>(w) lie within 5 
of geodesies joining clxq to xj and 6xq to xj, respectively (see Figure |3|). Note that 



a b 




Xj 



Figure 3. A pair of points in the image of (j>. 

(xi ■ axo)ij Xo and (xj ■ bxo) axo differ from ^d(axo, bxg) by at most There are a 
couple of cases to consider. 

First, assume that one or both of n and m is at least k. Without loss of generality 
assume that n > k. Since d(axo, bxo) < (2k + l)Ci, we have (xi, bxo) a < kC± + C±. 
Since d(<fi(v), clxq) > kC\, it follows that 4>(v) is at most C\ + S from the geodesic 
joining bxo to xi. Accounting for the possible difference between (xi ■ axo)bx 
and (xi ■ bxo) axo , we deduce that the distance between 4>(v) and </>(u>) differs from 
\n — m\C\ = (d(v, w) + | ± \)C\ by at most 2C\ + S. It follows that in case one of 
n or m is at least fc, we have 

dd(v, w) - 2d + 5 < d((j>(v), <f>(w)) < C x d(v, w) + 3Ci + S. 

In case both n and m are strictly less than k, we may argue as follows. Since 
(axo ■ xi)bx and (bxo ■ xi) aX() are both at least ^(d(axg, bxo) — C±) > (k — l)Ci > 
max{m,?i}Ci, it follows that both (j)( v ) an d <l>(w) are within 28 of the geodesic 
joining axo to bxo. From this it follows that d(4>(v), </>(u>)) differs from d(axo, bxo) — 
(n + m)Ci by at most 45. But since d(axo, bxo) differs by at most G\ from kC\, we 
deduce that 

(2k - (m + n))C x - (d + 46) < d((f>(v), <j>(w)) < (2k - (m + n))C x + (d + 46), 

from which it immediately follows that 

dd(v, w) - (2Ci + 45) < d(<f>(v), <j>(w)) < dd(v, w) + (2d + 46). 

In particular, is a (C±, 2C± + 45)-quasi-isomctric embedding from the combi- 
natorial horoball H into X, and the theorem is established. □ 
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5. Rigidity in rank > 2 

The purpose of this section is to establish Theorem II .3[ but we will begin with 
some lemmas which hold in a slightly broader context. We suppose that G is 
a simple Chevalley-Demazure group scheme of rank at least 2, that $ is a root 
system for G, and that R is some commutative unital ring containing Z. 

Lemma 5.1. If a and (3 £ $, then there is a $' = Span(<£>') n $ C $ containing a 
and (3 so that $' is isomorphic to A\ x Ay, A2, B2 or G2. If = Ay x Ay, then 
a? -p. 

Proof. If a and (3 are linearly independent, then $' = Span({a, /3})n$ is a root sys- 
tem of rank two, and we simply recall that such a root system is always isomorphic 
to one of those listed. 

If (3 = — a, we assert that there must be some 7 £ <& so that Span ({a, 7}) (~l <& is 
not equal to Ai x ij. Suppose that there is no such 7. Then cither $ = $ x (a), 
or $ = (a). Because G is simple $ cannot split as a product; because G has rank 
at least two, ^ ^ Ay. □ 

For the following two lemmas, we refer to [B] . Although the proofs there are done 
assuming that R is a field, this assumption is unnecessary; see also or [2"T] . 

Lemma 5.2. (Steinberg commutator relations) [HJ Theorem 5.2.2] If a, (3 £ <E> and 

t, u £ R, then 

[x a (t),Xf3(u)] = Xi a+ jf3(N at /3 t ijtiUj), 

where the N a p i j £ 1 are integers which depend only on the order in which the 
product is taken. 

Lemma 5.3. £51 Lemma 7.2.1] If a £ $, w is an element of the Weyl group of <5>, 
and t £ R, then x w ^(t) is conjugate either to x a (t) or x a (—t). 

Lemma 5.4. Let X be a hyperbolic G(R)-space. If g = x a (t) for some a £ $ and 
t £ R, then g does not act hyperbolically on X . 

Proof. By Lemma 15.11 there is a subset $' of $ containing a which is cither iso- 
morphic to A2, P>2 or G2. In each case, we may apply Lemma 15.21 some number of 
times to show that g is distorted in G; the details of this are left to the reader. By 
Lemma T2.12I g cannot act hyperbolically on X. □ 

Proposition 5.5. Let X be a hyperbolic G(R) -space, let r, s £ $, and let p\, 

P2 £ R- Suppose that p = x r (pi) acts parabolically, fixing some e £ dX. Then 
ge = e for any other root element g = x s (p2). 

Proof. If r = s or if (r, s) = A\ x A±, then p and g commute. By Lemma 12.101 
g(e) = e, and we are done. 

Otherwise r and s are contained in a two-dimensional root system 4>' C $ which 
is isomorphic to A2, B2 or G2, by Lemma |5. 11 

Each case requires a separate argument. 



Case 1. S A 2 . 
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A2 = {Xi I i £ 1q\ contains six roots, arranged hexagonally; the angle between 
\i and \j is - 3 J n. Suppose r = A; and s = Xj. By Lemma 15.31 h = x s (pi) is 
conjugate to either p or p~ l . so h is a parabolic, fixing some point / £ dX . In case 
\i — j\ = 1, then Lemma |5 . 21 implies that h and p commute, and so / = e by Lemma 
12.101 In case \i — j\ > 1, one argues by induction on \i — j\ to the same conclusion: 
f = e. 

Since g commutes with h, we must have ge = e, again by Lemma 12.101 
Case 2. = S 2 . 

Let a be a short root, and /3 a long root, so that a and f3 span <£' C as in 
Figure [4] 



O 

P 




Figure 4. B 2 and G 2 - 



There are two subcases, depending on whether r is a short or long root. 

Case 2.1. TTie parabolic p = x r (pi), where r is a short root o/<I>'. 

Without loss of generality, we may assume that r = a. If s £ {a, 2a + /?, — /?}, 
then g = x s (p2) commutes with p, by Lemma T5. 21 Thus by Lemma [2.101 qe = e. 
Suppose next that s = ±(a + /3). Then Lemma 15.21 implies 

(9) pgp~ 1 g~ 1 = x r+s (Np 1 p 2 ), 

where N = N r , St i t i is an integer. Since r + s £ {2a + (3, — /?}, we already know that 
h := x r+s (Npip 2 ) fixes e. We rearrange @ to give 

(10) h- 1 p = gpg- 1 . 

Since p and h both fix e, so must gpg^ 1 . The element gpg~ Y also fixes g(e), since 
p fixes e. Since p is parabolic, it can only fix one point in dX, and so g(e) = e. 

If s £ {/3, —a}, let r 1 = a + /3; if s = —2a — (3 let r' = —a — (3. In any case 
there is an element of the Weyl group of $ taking r to r'; by Lemma [5.31 there 
is a p' = x r '(±pi) which is conjugate to p in E(&, R). Since p' is conjugate to p, 
it is parabolic; by the argument of the previous paragraph, p' has the same fixed 
point as p. If s £ {/3, —2a — /?}, then g commutes with p', and so g(e) = e by 
Lemma 12.101 Finally, if s = —a, then we may apply the argument of the previous 
paragraph again (with p' and r' in place of p and r), to deduce that g(e) = e. 

Case 2.2. The parabolic p — x r (pi), where r is a long root of 
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In this case, we may assume for instance that r = 2a + (3. If s G {2a + (3, a + 
(3, a, (3, — (3}, then Lemma 15.21 implies that g = x s (p2) commutes with p, and so 
g(e) = e by Lemma T2.10I 

Suppose then that s G {—a, —2a — (3, —a — (3}. If s G {—a, —2a — (3}, let r' — (3; 
if s = —a — f3, then let r' = —j3. In either case, there is an element of the Weyl 
group taking r to r', and so there is a parabolic p' — x r /(±pi) conjugate to p by 
Lemma 15.31 By the previous paragraph, p' has the same fixed point as p does. 
Applying the previous paragraph with p' and r' in the place of p and r implies that 
g(e) = e for g = x s (p2). This completes the proof of Case[5J 

Case 3. ^ G 2 . 

Let a be a short root, and (3 a long root, so that a and (3 span <f>' C as in the 
right half of Figure 0J 

Again there are two subcases, depending on whether r is a short or long root. 

Case 3.1. The parabolic p = x r (pi), where r is a long root of 

If s G {—(3,3a + f3, ±(3a + 2(3)}, then Lemma 15.21 implies that g = x s (p2) 
commutes with p, and so g{e) = e by Lemma 12.101 

Suppose that s G {2a + (3, —a — (3}. Lemma [531 implies that 

(11) V9V" X 9~ X = x r+s (Np 1 p 2 ) =: h, 

for some integer N. Exactly as in Casc[2l h commutes with p, and so h(e) = e. 
Thus e = h~ l p(e) — gpg^ 1 (e) and the parabolic gpg~ l fixes e. Again since gpg" 1 
also fixes g(e), we must have g(e) = e. 

Using Lemma 15.31 repeatedly we discover that for every short root r' there is a 
parabolic element p' = x r '(±pi) with p'(e) = e. Since g must commute with some 
such element, g{e) — e as well. 

Case 3.2. The parabolic p — x r (pi), where r is a long root of 

Without loss of generality, we may assume that r — 3a + 2(3. 

If the inner product of s with r is nonnegative, then s G {ia, (3, a+(3, a+2(3, a + 
3(3, 3a + 2(3}, and g commutes with p by Lemma 15.21 and so g{e) — e. 

Otherwise, a (possibly repeated) application of Lemma 15.31 implies that g com- 
mutes with a parabolic p' = x r > (±pi) for some long root r of <!>', and with p'(e) = e. 
This again implies via Lemma l2. 101 that g(e) = e. This completes the proof in Case 

m □ 

We are now ready to give the proof of Theorem 11.31 

Proof. A result of Tavgen' shows that G(0) is boundedly generated by its root 
subgroups. The ring of integers O is finitely generated as an Abelian group; choose 
generators /ii, . . . , pk- It follows from Tavgcn"s result that the set 

S = {x a (pi) | a G <f>, 1 < i < k} 

boundedly generates G(O). 

Each of these generators acts hyperbolically, clliptically or parabolically on X. 
By Lemma T5.4( none can act hyperbolically. If all of the root elements act cllipti- 
cally, then it follows from bounded generation that the orbit of a point under the 
action of G must be bounded. 
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We therefore may assume that some x a {ni) acts parabolically on X, fixing a 
single point e £ dX. ft follows from Proposition 15.51 that all the root subgroups 
will fix this point e, and so G(0) fixes e. 

By Proposition 14.91 the pseudocharacter p x : G(0) — > K determined by a se- 
quence x — {xi} tending to e is nonzero exactly on the hyperbolic elements. Thus 
Px{g) — whenever g lies in a root subgroup. 

An elementary argument (see for example 16, Proposition 5]) shows that a 
pseudocharacter p on a boundedly generated group is determined by its values on 
the bounded generators; thus p = on G(0). It follows that no element of G(0) 
acts hyperbolically on X. By Theorem 14.111 the G(C)~space X has an invariant 
horoball. □ 

6. Remarks on rank one 

One can also ask what actions rank one Chevalley groups have on hyperbolic 
spaces. If O is a number ring with finitely many units, then SL{2, O) is a lattice 
cither in SX(2,R) or SL(2,C). In particular, it has a proper non-elementary action 
on H 2 or H 3 . Moreover, such a group admits uncountably many distinct pseu- 
docharacters (AKA homogeneous quasi-(homo)morphisms) up to scale J9l [2] ■ Each 
such "projective pseudocharacter" gives rise to a quasi-action on K; no two such are 
equivalent. Moreover, these often give rise to quasi-actions on more complicated 
trees [17] • The groups SL(2, O) where O has infinitely many units are more rigid. 
In this section we apply the main result of [18] to the special case of actions on 
quasi-trees (defined below), and speculate on the general situation. 

Recall that a group G is said to have Property (FA) if every action by G on a 
simplicial tree T has a fixed point. 

Definition 6.1. A quasi-tree is a graph which is quasi-isomctric to a tree. 

Definition 6.2. A group G has property (QFA) if every action by G on a quasi-tree 
X has a bounded orbit. 

Remark 6.3. This is differently worded than the definition in [IS], but easily seen 
to be equivalent. Note that (QFA) implies (FA), but not vice versa. 

As quasi-trees are in particular Gromov hyperbolic spaces which admit no par- 
abolic isometries (see Section 3.2 of Q~5]), Theorem 11.31 implies that higher rank 
Chevalley groups over number rings have property (QFA). 

We recall a definition and a theorem from [TSl Section 4]. 

Definition 6.4. Let G be a group, and let g be an element of G. We will say g is a 
stubborn element of G if for all H < G with [G : H] < 2, there exists some integer 
k H > so that g kH e [H, H}. 

Theorem 6.5. |18[ Theorem 4.4] Let G be a group which is boundedly generated 
by elements g\, . . . , g n , so that for each i, gi is a stubborn element of Bi for some 
amenable £>; < G. Then G has Property (QFA). 

Note that the above theorem was misstated slightly in [18] ; the word "amenable" 
was inadvertently omitted. 
Here's an easy lemma: 

Lemma 6.6. Let H < G be a subgroup of finite index. If H has Property (QFA), 
then so does G. 
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Our methods in the higher rank case use heavily the bounded generation of 
G(0) established by Tavgen' in (29] for Chevalley groups over rings of integers of 
algebraic number fields. There is an analogous result of Carter, Keller, and Paige 
in rank 1, at least for SL(2, •) and certain number fields: 

Theorem 6.7. [22j For any integer d > 1 there is an r = r(d) so that the following 
is true. Let K be a number field of degree d over Q, and let O be the ring of integers 
of K . If the O has infinitely many units, then: 

(1) every element of E(2, O) is a product of at most r elementary matrices, 
and 

(2) the index of E(2,0) in SL(2,0) is at most r. 

In the above statement, E(2, O) is the subgroup of SL(2, O) generated by the 
root subgroups (the strictly upper triangular and strictly lower triangular matrices). 
The following statement implies Theorem ll.4l 

Theorem 6.8. // O is the ring of integers of an algebraic number field and O has 
infinitely many units, then SL(2,0) has Property (QFA). 

Proof. By Lemma 16.61 it suffices to show that E(2,0) has property (QFA). If 
A = {Ai, . . . , A„} is an integral basis for the number field O, then Theorem 16.71 
implies that E(2, O) is boundedly generated by the 2n elements ( J ) and ( x . \ ) . 

Claim 6.9. For each i E {1, . . . , n}, ( J ) is a stubborn element of B — (q *) H 
E(2,0). 

Proof. On page 189 of [6J, Carter observes that (* _i) can be written as a product 
of elementary matrices, for any invertible t E O, as follows. If A is any invertible 
element, we may write 

A\ _ fl A\ / 1 0\ (\ A^ 
-A- 1 - lM-A- 1 10 1 



and then note that 

't \ _ / tWO -1 
,0 t- 1 ) ~ \-tr l oi VI 



(12) 



Carter's observation shows that ( ^ _i ) is in E(2, O) for any unit to in O. Com- 
puting the commutator of ( " _i ) and ( J ^ ) for u a unit of R and A E R yields: 



(13) 



u 

^ 

ui 

uj \ /l A 



o u~ L r\o i 



1 (1-cj 2 )A 
1 



By assumption, the group of units of O is infinite. Dirichlet's units theorem (see, 
e.g. [28l Appendix B]) implies that we may choose luq E O* a unit of infinite order. 

Let H < B be a subgroup of index at most two. Then H must contain ( w ° ° 2 ] 

and (q 2 {) for all r E O. It follows from the computations (fl2|) and (fl3|) that 
( J | ) E [H, H] for all i in the ideal / generated by 2(1 — ojq). Let N be the order of 
R/I. (The number N is also called the norm of /; that it is finite when / ^ (0) is 
an elementary fact of algebraic number theory; see, e.g., [28l Chapter 5].) For any 

of the Ai, we have ( J ) = ( J N f* ) £ [H, H], and so ( J ^ ) is stubborn. □ 

It remains to observe that B < E(2,0) is solvable, and hence amenable. We 
may now apply Theorem 16.51 to conclude that E(2, O) has Property (QFA). □ 
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Remark 6.10. It was already known [24l p. 68] that the groups covered by The- 
orem EU possessed property (FA). 

Remark 6.11. Another proof of l6.8l mav be given as follows: First show that every 
unipotent is distorted. It follows that the bounded generators cannot (quasi)-act 
hyperbolically. It is shown in jT5J Corollary 3.6] that there are no parabolic isome- 
tries of quasi-trees, and so each of the bounded generators (quasi)-acts elliptically. 
It then follows from bounded generation that any orbit is bounded. 

Finally, we speculate on the variety of hyperbolic T-spaccs, for T = SL(2,0), 
where O is the ring of integers of a number field k. We have already remarked that 
r is a lattice in 

s t 

Jj5L(2,M) x[]5L(2,C), 

1=1 i=l 

where s and t are the number of real and complex places respectively. Projection to 
some factor gives an isometric action either on H 2 or H 3 . Call a hyperbolic T-space 
standard if it is equivalent to H 2 or H 3 with one of these actions. 

Conjecture 6.12. Every quasi-action by T on a Gromov hyperbolic metric space 
either has an invariant horoball or is standard. 
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